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Abstract: We discuss the graviton absorption probability (greybody factor) and the

cross-section of a higher-dimensional Schwarzschild black hole (BH). We are motivated by

the suggestion that a great many BHs may be produced at the LHC and bearing this fact

in mind, for simplicity, we shall investigate the intermediate energy regime for a static

Schwarzschild BH. That is, for (2M)1/(n−1)ω ∼ 1, where M is the mass of the black hole

and ω is the energy of the emitted gravitons in (2+n)-dimensions. To find easily tractable

solutions we work in the limit l À 1, where l is the angular momentum quantum number

of the graviton.
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1. Introduction

Much discussion has recently focused on the emission rates of TeV BHs as motivated by the

proposition that the quantum gravity scale can be brought down to as low as a TeV in some

higher-dimensional BH models [1 – 3]. Most cases have focused on the low-energy emission

of scalar or spinor fields from higher-dimensional Schwarzschild and slowly rotating Kerr

BHs, for a review see reference [4]. Numerical methods also allow us to evaluate the

emission in the full energy range [4].

The importance of bulk emission of gravitons, as well as possible recoil effects, was

highlighted recently in references [5, 6] (also see references [7, 8]). However, little attention

has been paid to the actual emission of gravitons from a BH (though there has been some

work relating to the quasi-normal modes (QNMs) of higher-dimensional BHs [9, 12, 10,

11, 13]) and furthermore it is useful to have analytic expressions for the cross-sections etc.

not just in the low-energy or high-energy classical regime. In this article we shall discuss

BH cross-sections for gravitons in what we shall call the intermediate energy regime for

the variable ε = 2Mωn−1, that is where ε ∼ 1. In this regime the energy of the particle is

near the peak of the potential barrier in the associated scattering problem. The classical

cross-section is reproduced in the high-energy limit, ε À 1, as we shall discuss later.

In this article we shall focus on the static Schwarzschild BH, though in some models

a rotating BH does not necessarily spin-down to zero, but evolves to a non-zero angu-

lar momentum [14, 15]. However, as yet the gravitational perturbation equations for a

higher-dimensional rotating BH are unknown. Thus, we shall investigate the intermediate

energy regime for the static case, hoping that it may encode some of the properties of the

rotating case. Indeed, graviton super-radiance for a large rotation parameter is expected
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in the intermediate energy regime. To this end only recently has the case of spin-zero

emission for the high-energy and high angular momentum regime been studied [16, 17],

where numerical methods were employed. Note that scalar emission for low-energies and

low angular momentum has been studied in references [18, 19].

The particular background we shall investigate is that of a static Schwarzschild BH

in (2 + n)-dimensions. To perform the calculation we shall recall some results recently

derived for the gravitational perturbations of a higher-dimensional maximally symmetric

BH [20]. As mentioned earlier, although it seems likely that TeV BHs will probably be

highly rotating when produced [15] there is not yet a method for separating the gravi-

tational perturbations on a higher-dimensional Kerr background. Thus, we shall content

ourselves with the static Schwarzschild case for now.

Gravitational perturbations in general separate into scalar (polar) and vector (axial)

perturbations. In more than four-dimensions there is an extra degree of freedom cor-

responding to tensor perturbations. As shown in reference [20] we have for the scalar

perturbations;1

−f
d

dr

(

f
dΦ

dr

)

+ VSΦ = ω2Φ , (1.1)

where

f(r) = 1 − 2M

rn−1
(1.2)

and

VS(r) =
f H(r)

16r2[m + 1
2n(n + 1)(1 − f)]2

, (1.3)

with

H(r) =
(

n4(n + 1)2(1 − f)3 + n(n + 1)

×
[

4(2n2 − 3n + 4)m + n(n − 2)(n − 4)(n + 1)
]

(1 − f)2

−12n [(n − 4)m + n(n + 1)(n − 2)] m(1 − f) + 16m3 + 4n(n + 2)m2
)

. (1.4)

In the above

m = lS(lS + n − 1) − n, lS = 2, 3, . . . (1.5)

and as discussed in reference [20] the mode l = 0 corresponds to adding a small mass to

the BH; the mode l = 1 is a pure gauge mode. Note that the true mass of the BH, MBH,

as measured on the brane, is the same as that in the bulk [23, 24] and hence;

MBH =
nAnM

8πc2Gn+2
, (1.6)

where

An =
2π(n+1)/2

Γ[(n + 1)/2]
(1.7)

is the area of a unit n-sphere, Gn+2 is the (2 + n)-dimensional Newton constant, and c is

the speed of light. In what follows we shall set Gn+2 = c = 1.

1Note that for n = 2 the scalar (polar) perturbation agrees with the Zerilli equation [21].
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The vector and tensor perturbations have a much simpler form, which can be written

in one concise equation as;

−f
d

dr

(

f
dΦ

dr

)

+ VV/T Φ = ω2Φ , (1.8)

with2

VV/T (r) =
f

r2

(

l(l + n − 1) +
n(n − 2)

4
−

µV/T

4

n2M

rn−1

)

lV = 2, 3, . . .

lT = 1, 2, . . .
(1.9)

where µV = 3 for the vector perturbations, while for the tensor perturbations µT = −1.

Note that the mode l = 1 of the vector perturbation, which is absent from the above

spectrum, represents a purely rotational mode of the BH.

We shall mainly be interested in evaluating the scattering cross-section, which is related

to the absorption probability, |AlP (ω)|2, by [25];

σ(ω) = C
(4π)(n−1)/2

ωn
Γ

(

n + 1

2

) ∞
∑

l

∑

P

DlP |AlP (ω)|2 = σS + σV + σT , (1.10)

where P denotes each respective perturbation and the graviton normalization is [25];

C =
2

(n + 2)(n − 1)
. (1.11)

The degeneracy of each perturbation, DlP , is [26];

DlS =
(2l + n − 1) (l + n − 2)!

(n − 1)! l!
,

DlV =
l(l + n − 1)(2l + n − 1)(l + n − 3)!

(n − 2)! (l + 1)!
,

DlT =
(n + 1)(n − 2)(l + n)(l − 1)(2l + n − 1)(l + n − 3)!

2(n − 1)!(l + 1)!
, (1.12)

for a given angular momentum channel l, which is the spin-2 generalization of the result

given in reference [4]. Thus, only scalar and vector perturbations contribute for n = 2 and

the partial sums effectively start from l = 2, even for the tensor perturbation.

2. Intermediate energy approach

To evaluate the absorption probability and hence the graviton emission rate in the inter-

mediate energy regime we shall use the WKB approach of Iyer and Will [27]. This was

recently used in the higher-dimensional context by Berti et al. [13] (also see reference [12])

to investigate the gravitational energy loss of high-energy particle collisions using a QNM

analysis. In the following we shall work to lowest order in the generalised WKB method

of reference [27]; however, to check the validity of the method we go up to second order to

verify that the next order correction is small.

2The vector (axial) perturbations for n = 2 reduces to the standard Regge-Wheeler equation [22].
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As discussed in reference [13], in order to use the WKB method we must rewrite the

perturbations in the (n + 2)-dimensional tortoise coordinate defined by;

dr∗
dr

=
1

f(r)
, (2.1)

which implies that

r∗ = r +
2M

n − 1

n−2
∑

j=0

ln(r/αj − 1)

αn−2
j

, (2.2)

where

αj = (2M)1/(n−1)e2πij/(n−1) (j = 0, . . . , n − 2) . (2.3)

The tortoise coordinate, r∗, given above becomes quite complicated in more than four-

dimensions and in our case it will be more convenient to work with the original coordinate

r and use equation (2.1) to convert derivatives. Thus the perturbation equations reduce to

the standard Schrödinger form;
(

d2

dr2
∗

+ QP (r∗)

)

Φ = 0 , QP (r∗) = ω2 − VP (r∗). (2.4)

The subscript P denotes any one of the three possible perturbations. Note that the poten-

tial, equation (1.3), is defined in terms of r and not r∗, the tortoise coordinate.

As discussed in reference [27], an adapted form of the WKB method can be employed

to find the QNMs or the absorption probability, which we are primarily interested in, when

the scattering takes place near the top of the potential barrier. In the following we shall

use the same notation as reference [27]. The absorption probability, up to second order in

the WKB expansion, is found to be;

|Al(ω)|2 =
1

1 + e2iπ(ν+1/2)
, (2.5)

where

ν + 1/2 = i(2Q′′
P0

)−1/2QP0
− Λ (2.6)

and

Λ = i(2Q′′
P0

)−1/2
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Q
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)
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Q
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P0

3Q′′
P0
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 ,

these being parameters determined in reference [27], and where the subscript zero denotes

the maximum of −Q(r∗).

By substituting equation (2.7) into equation (2.6) we can eliminate Λ to obtain an

expression solely in terms of ν + 1/2; however, because we wish to only know the size of

the second order correction we can eliminate ν + 1/2 to find Λ;

Λ =
1

2C

(

1 + 2AC ±
√

1 + 4(A − B)C
)

, (2.7)
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where

A = i(2Q′′
P0

)−1/2QP0
, (2.8)

and

B = i(2Q′′
P0

)−1/2





3

8

(

Q
(4)
P0

12Q′′
P0

)

− 7

32

(

Q
′′′

P0

3Q′′
P0

)2


 ,

C = i(2Q′′
P0

)−1/2





6

4

(

Q
(4)
P0

12Q′′
P0

)

− 30

16

(

Q
′′′

P0

3Q′′
P0

)2


 .

In general it is just a simple but tedious exercise in algebra to evaluate the second order

correction. However, as we discuss in the next section, by considering the potential to

leading order, O(l0), we can estimate the size of the second order correction without making

any explicit calculations.

3. Zeroth-order approximation

To illustrate the method as simply as possible let us work to zeroth order in the WKB

expansion for the case of large l. However, in order to find a difference between the

respective perturbations we should consider up to O(l0) in the potential, which in this case

is given by;

VS(r) ≈ f

r2

(

l2 + (n − 1)l +
n(n − 2)

4
+

n

4
(8 − 7n)(1 − f)

)

, (3.1)

for the scalar perturbation and

VV/T (r) =
f

r2

(

l2 + (n − 1)l +
n(n − 2)

4
− µ

4
n2(1 − f)

)

, (3.2)

for the vector and tensor potential, which is an exact expression to O(l0), see equation (1.9).

Importantly, we can immediately notice that in four-dimensions, n = 2, the scalar and

vector potentials are identical to O(l0). The equivalence of the scalar and vector potentials

for general l is well known in four-dimensions [28], however, as discussed in reference [20],

this is not true for the case of general dimensions.3 This will have important consequences

for the graviton emission of a higher-dimensional BH, which we shall discuss later. For

convenience let us write a general formula for all the perturbations, valid up to O(l0);

VP (r) =
f(r)

r2

(

l̂2 + β − αP

4
(1 − f)

)

, where l̂2 = l2 + (n − 1)l ∀ l = 2, 3, . . . .

(3.3)

In the previous equation we have used;

β =
n(n − 2)

4
, (3.4)

3To O(l) all the perturbations become identical, regardless of the dimension.
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and

αS = n(7n − 8), αV = 3n2, αT = −n2 . (3.5)

At this stage it will be convenient to change variables to z = ωr, for example see

reference [29], and by doing so the WKB equation now becomes;

(

d2

dz2
∗

+ QP (z∗)

)

Φ = 0 , QP (z∗) = 1 − VP (z∗) , (3.6)

where

VP (z) =
f(z)

z2

(

l̂2 + β − αP

4

ε

zn−1

)

, (3.7)

and

f(z) = 1 − ε

zn−1
; ε = 2Mωn−1 . (3.8)

The expression for the absorption probability, equation (2.5), is defined explicitly in terms

of derivatives of the potential with respect to the tortoise coordinate z∗ (or r∗, where z∗
has been defined in an analogous way to r∗); however, in terms of z, up to second order in

derivatives of the potential, we find;

dQ

dz∗
=

dz

dz∗

dQ

dz
= f(z)

dQ

dz
=

(

1 − ε

zn−1

) dQ

dz
, (3.9)

d2Q

dz2
∗

= f(z)
d

dz

(

f(z)
dQ

dz

)

=
(

1 − ε

zn−1

)

(

z−n (−1 + n) ε
dQ

dz
+

(

1 − ε

zn−1

) d2Q

dz2

)

.(3.10)

Note that at the maximum of the potential, z0, the first term in equation (3.10) is zero

and thus simplifies our calculation.

Hence, from equation (2.6) with Λ = 0, we are easily lead to the result;

|AlP |2 =
1

1 + e
2π

K
[f(z0)(l̂2+β−α

4
εz0

1−n)−z2

0
]
, (3.11)

where we have written the general perturbation as

K(l̂, z0, ε) =
(zn

0 − εz0)√
2z0

2n
×

√

−2n (1+2n) αε2z0
2 − 24

(

l̂2+β
)

z0
2n+ (2+3n+n2)

(

4l̂2+α+4β
)

εz0
1+n

(3.12)

and we have dropped the subscript P for clarity. Choosing the appropriate αP from

equation (3.5) then determines the absorption probability for each respective perturbation

mode. The location of the maximum, z0, for the potential −QP (z0) can also be solved,

see appendix A. This also depends on the type of perturbation.

Before we proceed any further we should verify that the second order correction is small

as compared to the zeroth order one. Given that VP is of order O(l2), see equation (3.3),

and that l is independent of r or r∗, it is simple to see that;

i(2Q′′
P0

)−1/2 ∼ O(l−1) . (3.13)
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The terms in the square brackets for B and C, see equation (2.9), are of O(l0) and hence

(using the relation above) B and C contribute to order O(l−1). Furthermore the term A is

of order O(l). Thus the second order contribution, Λ, see equation (2.7), is of order O(l−1)

and is therefore negligible in the limit l À 1. This is also true for the high-energy limit

ε À 1, as well as for intermediate energies ε ∼ 1.4

4. Results

In this section we shall present our results as based on the analytic expressions derived

in the previous section. Furthermore we shall also demonstrate that the geometric optics

limit is reproduced for large values of ε. Note that for completeness we shall also derive

this expression.

We have presented our first set of results in figure 1 where we have plotted the absorp-

tion probability as a function of l for each of the perturbations. We have also considered

scenarios involving different dimensions, n, for ε ∼ 1. Firstly, the scalar mode has the

largest contribution, followed by the vector and then the tensor perturbations; however,

this does depend on the value of ε. Secondly, we see that the absorption probability is

larger for smaller n. In fact numerical plots for different ε show that |AlP |2 saturates to

unity for larger and larger l as ε increases. This implies that larger l is required in the

angular momentum sum for the cross-section, when obtaining the geometric optics limit,

see below.

Turning to the cross-section, as given by5;

σ(ω) = C (4π)(n−1)/2 Γ

(

n + 1

2

) (

2M

ε

) n

n−1
∞

∑

l=2

∑

P

DlP

1 + e
2π

K
[f(z0)(l̂2+β−α

4
εz0

1−n)−z2

0
]

,

(4.1)

where DlP is given in equation (1.12) and remembering that α = αP . It should be noted

that though we are primarily interested in the intermediate energy regime, ε ∼ 1, with

large angular momentum, l À 1, the above expression can also be applied to the case

where l > ε1/(n−1) ∼ 1. Note also that although the next order correction in the WKB

expansion becomes larger for l ∼ O(1) we can still extrapolate the results hoping the errors

are not too large. In figure 2 we plot the cross-section, equation (4.1), as a function of ε

and to ensure convergence in the partial wave sums we sum up to lmax ∼ 3 εmax. The total

cross-section tends to the classical one for large ε as we shall now explain.

In the intermediate energy approach (for large l) the absorption probabilities satisfy

AlS = AlV = AlT , see figure 1, and the degeneracies satisfy [25];

DlS ≈ C (DlS + DlV + DlT ) . (4.2)

Furthermore, the classical cross-section corresponds to the high-energy limit, ε1/(n−1) À
l À 1, which then implies the absorption coefficients AlP ∼ O(1) and in this limit the

4The WKB method breaks down for the low-energy case ε ¿ 1.
5The cross-section effectively starts from l = 2 for the tensor perturbations, like for the other perturba-

tions, because of the form of the degeneracy DlT .
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Figure 1: Black hole absorption probability, |AlP |2, as a function of angular momentum l (extended

to real numbers) for ε = 1. Blue (solid), red (dashed), black (dot-dashed) and purple (dotted) curves

correspond to n = 2, 3, 4 and 5 respectively. Note that the scalar and vector perturbations are only

valid from l = 2 onwards, however, for comparison with the tensor case we start at l = 1.

sum over l has a cut-off at l ≈ b ω (for example, see reference [30]) where b is the critical

radius (or impact parameter) at which the BH ceases to absorb radiation. This is given by

equation (12) of reference [31], for a massless/relativistic particle as;

b =

(

n + 1

2

)
1

n−1

(

n + 1

n − 1

)
1

2

(2M)
1

n−1 . (4.3)

Given the cut-off in the mode sum we have;

bω
∑

l

DlS ∼ 2(bω)n

n!
(4.4)

for large ω, and substituting this into equation (4.1), using (4.2), leads to the classical

cross-section;

σc =
(4π)(n−1)/2

ωn
Γ

(

n + 1

2

)

2(bω)n

n!
=

2
√

π(π)
n−1

2

nΓ(n/2)

(

n + 1

2

)
n

n−1

(

n + 1

n − 1

)
n

2

(2M)
n

n−1 ,

(4.5)

where in the second step we used the gamma duplication formula. This agrees with the

standard result in (2+n)-dimensions, compare with reference [4] (after making the substi-

tution rn−1
H = 2M).
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Figure 2: Black hole cross-sections as a function of ε, in units of (2M)
n

n−1 , for each gravitational

perturbation and the total one. The horizontal lines correspond to the classical cross-section. Blue

(solid), red (dashed) and black (dot-dashed) curves correspond to n = 2, 3 and 4 respectively. Note

that there is no tensor perturbation for the n = 2 case.

As is well known, the high-energy cross-section is independent of the particle species,

and likewise we see that it is independent of the graviton cross-section. These are repre-

sented by horizontal lines in the bottom right plot in figure 2 and we see that our analytic

results correctly reproduce the high-energy limit ε À 1 (note that for higher-dimensions

larger values of ε are required to obtain the geometric optics limit6).

5. Conclusion

In conclusion we have shown in this paper that the WKB method of Iyer and Will [27] can

be applied to the case of graviton emission from a Schwarzschild BH. Indeed our results

reproduce the classical cross-section in the high-energy limit. We have also presented new

results for the intermediate energy regime.

In the low-energy limit, Mω ¿ 1, our method breaks down as can be seen from

figure 2, where the cross-section starts to diverge. It is well known that the cross-section

is proportional to ω2l+n in (2 + n)-dimensions [4], which essentially corresponds to s-

wave scattering for a spin-zero field, as the lowest l modes dominate the cross-section.

Indeed it is straightforward to obtain the low-energy cross-section for the vector and tensor

perturbations by employing the standard technique of matching the near horizon and far

field solutions, for example using the techniques discussed in references [32 – 34]. However,

6The geometric optics limit in equation (4.5) has a maximum at n ≈ 7, which implies that for n > 7

(i.e. for greater than 9-dimensions) the classical cross-section starts to decrease.

– 9 –
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there is a subtlety with the higher-dimensional Zerilli (scalar) equation: In four-dimensions

the Regge-Wheeler (vector) solution is usually used to find the absorption probability,

which is equivalent to that for the Zerilli equation, as the two solutions are identical in

four-dimensions [28], but as pointed out in reference [20], in higher dimensions no such

relation exists. Thus, if we attempt to use the standard technique of matching the near

horizon and far field solutions directly for the Zerilli equation it appears that numerical

methods seem more amenable. Regardless, the focus of this current work has been the

intermediate energy regime given that this is where we expect graviton emission to be

most interesting for a rapidly rotating BH.

Although in this article we focused on the static Schwarzschild BH, we can also apply

our method to the case of spin-zero field emission from a Kerr BH [35]. Note that though

the solution to the graviton perturbations for a higher-dimensional Kerr BH have not yet

been found, we are encouraged by the fact that there are some similarities between the

total graviton and spin-0 cross-sections, see appendix B. As can be seen from figure 3, the

total cross-section, which is the sum of the perturbations (scalar, vector and tensor) is of

the same order of magnitude as the spin-0 case, i.e. O(σS + σV + σT ) ∼ O(σB), and such

an approximation may also be valid for the rotating case.

The rotating case is particularly interesting due to the phenomenon of super-radiance

(for example see reference [34]), where the absorption probability becomes negative. Super-

radiance has been discussed in the higher-dimensional context recently in references [16,

15, 19, 17, 18]. However, the highly rotating case has only been considered using numerical

techniques; whereas we expect that our approach allows for an analytic expression for such

a case. Furthermore, our approach should also allow one to evaluate the QNMs analytically

for the rapidly rotating case, as has recently been done in the limit a → ∞ [36]. In the

four-dimensional case the rotation parameter a = 1 is bounded to amax = 1, for example

see reference [28]. This fact has meant that there have been no prior investigations of the

QNMs of a Kerr BH with a large rotation parameter. However, in (2 + n)-dimensions

there are (n + 1)/2 rotation parameters, where for n > 3 the rotation parameters are

unbounded [24].7 Indeed, as we mentioned, even after the spin-down phase in some models

the BH remains rotating [14, 15].

Another interesting case for which the WKB method can be applied is that for emission

from a charged (Reisner-Nordstrom) BH. Recently the graviton perturbations have been

found in reference [37] (along with their QNMs [11]). However, in this case the solutions

are complicated by the fact that there are now solutions for the electromagnetic field itself.

We hope to present results for this model in the near future.

Acknowledgments

The work of ASC was supported by the Japan Society for the Promotion of Science (JSPS),

under fellowship no. P04764. The work of MS was supported in part by Monbukagakusho

Grant-in-Aid for Scientific Research(S) No. 14102004 and (B) No. 17340075.

7If we assume that the BH is created on a thin brane then there is only one rotation parameter, for

example see reference [16].

– 10 –



J
H
E
P
0
2
(
2
0
0
6
)
0
1
2

Note added: After the completion of this article, similar work appeared in [25], which

correctly pointed out that the degeneracy factor for the graviton cross-section should be

that for a spin-2 field [26], which is different to the spin-0 case, for n > 2. Our main

results do not change; however, only the total cross-section now coincides with the classical

one, due to the normalisation. This actually improves our attempt to model the spin-2

perturbations by a spin-0 field, as is discussed in appendix B.

A. Location of the maximum, QP0

In order to find the maximum of the potential it is convenient to work with the coordinate;

x = 1 − f =
2M

rn−1
, (A.1)

rather than r∗ or r. That is we wish to find the roots of;

0 =
dVP

dr∗
=

dr

dr∗

dVP

dr
= (1 − n)(2M)

1

1−n (1 − x)x
n

n−1

dVP

dx
. (A.2)

Here we should mention that in our case, even though all the expressions depend on QP ,

the potential can be written in the form QP = ω2 −VP and thus, for a given energy, ω, the

maximum of −QP corresponds to the maximum of VP .

Therefore, apart from the solutions at the horizon (x = 1) and at infinity (x = 0), we

merely require the roots of;
dVP

dx
= 0 . (A.3)

Working to O(l) in the potential allows the maximum to be easily found;

xP
0 =

2

n + 1
, (A.4)

which is a result valid for all three perturbations. However, as we have previously discussed,

in order to see a difference between the perturbations we must work to order O(l0). Hence,

for the gravitational perturbations we obtain;

xP
0 =

(1 + n)
(

4 l̂2 + α + 4β
)

−
√

−64n α
(

l̂2 + β
)

+ (1 + n)2
(

4 l̂2 + α + 4β
)2

4n α
, (A.5)

where, as before, we are using the shorthand notation l̂2 = l2 +(n−1)l and the coefficients

α and β (ignoring the subscripts) as defined in equation (3.5). Note that if we expand the

square root in powers of large l we obtain equation (A.4).

The location of the maximum in terms of the coordinates r and z is then simply given

by;

rP
0 =

(

2M

xP
0

)
1

n−1

and zP
0 = ωrP

0 =

(

ε

xP
0

)
1

n−1

, (A.6)

which is independent of the perturbation up to O(l), see equation (A.4).
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Figure 3: Black hole cross-section for the graviton compared to a spin-zero field as a function of

ε, in units of (2M)
n

n−1 . The horizontal lines correspond to the classical cross-section. Blue (solid),

red (dashed) and black (dot-dashed) curves correspond to n = 2, 3 and 4 respectively.

B. Spin-Zero emission

In this appendix we briefly discuss the case of emission of a bulk scalar (spin-zero) field. As

we shall see the effective potential is equivalent to that for the tensor perturbations. Follow-

ing reference [32], after a separation of variables, the scalar radial equation, gµν∇µ∇ν φ(x) =

0, is found to be;

f(r)

rn

d

dr

[

f(r) rn dR(r)

dr

]

+

[

ω2 − f(r)

r2
l (l + n − 1)

]

R(r) = 0 . (B.1)

This equation can be written in the WKB form by applying the tortoise coordinate de-

fined in equation (2.1)8 and rescaling the radial solution by R(r∗) = r−n/2Φ(r∗). A short

calculation leads to;

d2 Φ2

dr2
∗

+ω2Φ(r∗)−
f(r)

r2

[

l(l + n − 1) +
n

4
(n − 2) +

n2

4
(1 − f)

]

Φ(r∗) = 0, lB = 0, 1, 2, . . .

(B.2)

One can then easily verify that this equation is identical to that for the tensor pertur-

bations of the graviton, see equation (1.9); however, the degeneracy factor, DlP , will be

different. The only difference between the two being that the sum over l starts from l = 0

for a spin-zero field, not l = 2.

8In reference [32] a slightly different choice of tortoise coordinate is made.
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In figure 3 we compare the spin-zero cross-section, σB , with the total graviton cross-

section. Although the classical cross-sections agree in the high-energy limit (asymptoti-

cally), at intermediate energies they do not agree due to differences in the partial wave

sums. However, at lower energies we see that by taking the spin-0 cross-section from l = 1

we obtain the best agreement with that for the graviton, see figure 3. Note that for further

comparison we also plot the spin-0 cross-section with the partial sum starting from l = 2.
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